It is shown that the Euclidean spheres are the only closed hypersurfaces in Euclidean space on which the second fundamental form defines a (nondegenerate) Riemannian metric of constant curvature.
CLOSED CONVEX HYPERSURFACES WITH SECOND FUNDAMENTAL FORM OF CONSTANT CURVATURE ROLF SCHNEIDER
Abstract.
It is shown that the Euclidean spheres are the only closed hypersurfaces in Euclidean space on which the second fundamental form defines a (nondegenerate) Riemannian metric of constant curvature.
An oriented hypersurface (always assumed to be sufficiently smooth) in (/i+l)-dimensional Euclidean space (n^2) will be called closed if it is compact and without boundary, and convex if its second fundamental form II is positive definite. On a convex hypersurface II defines a Riemannian metric, and it is a natural question to ask for the relations between curvature properties of this metric and the geometrical shape of the hypersurface. We shall prove: Theorem 1. A closed convex hypersurface on which the second fundamental form is of constant Riemannian curvature has to be a Euclidean sphere.
For a convex hypersurface S under consideration, let Rn denote the scalar curvature of II and let An be the total area of ¿7 corresponding to the metric II. \f Sis closed, it is known to be diffeomorphic to a sphere, and if furthermore II is a metric of constant curvature, the Riemannian space (S, II) must be globally isometric to a Euclidean sphere of radius r, say. In this case we have Ru=n(n-\)r~2 and Au = wnrn, where o;" denotes the total area of the «-dimensional unit sphere, hence the equality Ru = n(n-\)(conA1i)itn holds. Thus Theorem 1 is a consequence of the following stronger theorem, in which II need not be assumed to be of constant curvature. Ru <: n(n -l)(ojnATÎfn has to be a Euclidean sphere.
Of course, for «=2 this assertion is not really stronger than that of Theorem 1, since the above inequality and the Gauss-Bonnet theorem (applied to the Riemannian space {S, II)) lead at once to Ä[[=const.
Proof of Theorem 2. Let K and H denote Gauss-Kronecker curvature and mean curvature of S, respectively. Let V[l be the first Beltrami differential operator (square of the gradient) with respect to II. Then the identity (2) Ä" = n(n -\)H + P -{2K)~2 V"K holds, where P is some nonnegative function (to be explained later). Deferring the proof of (2) until later, we deduce the inequality
as a consequence of F^O and H"^.K. Now on the closed hypersurface S the function K attains a maximum. In a point where this happens we have VIIA'=0 and hence Ru^.n{n-\)K1/n. Together with the assumption (1) this leads to
Since this inequality holds at a point where K attains its maximum, it holds generally on S. Now let dAIt dAu denote the area elements on S with respect to the first fundamental form I and the second fundamental form II, respectively. Then we have K112 dA¡=dAu, since K equals the quotient of the determinants of II and I. Integrating over all of S, we deduce, from
Here the left hand integral is also equal to co", since it represents the total area of the spherical image of the closed convex surface S. We deduce that the equality sign must hold throughout in (3), hence that the function K is constant. But it is well known that the only closed hypersurfaces with constant K are the Euclidean spheres. It remains to prove equation (2) . Here P has the following meaning: Let Tfj denote the difference tensor of the Levi-Civita connections with respect to I and II. In the following we shall use the tensor bit of the second fundamental form as the fundamental tensor for "raising and lowering the indices" in the sense of classical tensor notation. Then P is defined by P-TUkT'ik, from which its nonnegativity is obvious. If VI[ Remark 3. Theorem 1 is, at least for n-2, really a global theorem: There exist convex surfaces in three-dimensional space which are IIisometric to pieces of spheres, but are themselves not pieces of spheres. Such examples have been discovered by Erard [3] .
Remark 4. K. Voss [8] has proved that the sphere in three-dimensional space is infinitesimally 11-rigid, i.e. every infinitesimal deformation of the 2-sphere which leaves its second fundamental form stationary has to be an infinitesimal motion.
Remark 5. It would be interesting to know whether there exists, for the second fundamental form, a rigidity theorem analogous to CohnVossen's theorem on isometric ovaloids: Are two closed convex hypersurfaces congruent if their second fundamental forms coincide under some diffeomorphism ? Theorem 1 gives an affirmative answer for the case where one of the hypersurfaces is a sphere. For «=2 closed convex surfaces are known to be congruent if not only the second fundamental forms are the same, but also certain functions of the principal curvatures coincide (e.g., their product-which is a well-known theorem of Grove), see Waiden [9] . Infinitesimal analogues have been proved by Simon [7] .
Remark 6. The form K~1/{n+2)U has the remarkable property of being invariant under unimodular affine transformations, therefore it serves as one of the fundamental forms in affine differential geometry. It has been shown that ellipsoids are the only closed convex hypersurfaces on which this form is of constant curvature [5, Satz 4.6] .
